Abelian Higgs Hair for a Static Charged Black String 
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CN ■ We study the problem of vortex solutions in the background of an electrically 
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, charged black string. We show numerically that the Abelian Higgs field equations 

I in the background of a four-dimensional black string have vortex solutions. These 

' solutions which have axial symmetry, show that the black string can support the 
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Abelian Higgs field as hair. This situation holds also in the case of the extremal black 
string. We also consider the self-gravity of the Abelian Higgs field and show that 
the effect of the vortex is to induce a deficit angle in the metric under consideration. 



I. INTRODUCTION 

The conjecture that after the gravitational collapse of the matter field the resultant black 
hole is characterized by at most its electromagnetic charge, mass, and angular momentum 
is known as the classical no-hair conjecture and was first proposed by Ruffini and Wheeler 
|1|] . Nowadays we are faced with the discovery of black hole solutions in many theories in 
which Einstein's equation is coupled with some self interacting matter fields, and therefore 
this conjecture needs more investigation. In certain special cases the conjecture has been 
verified. For example, a scalar field minimally coupled to gravity in asymptotically flat 
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spacetimes cannot provide hair for the black hole [0. But this conjecture cannot extend 
to all forms of matter fields. It is known that some long range Yang-Mills quantum hair 
could be painted on the black holes Explicit calculations have also been carried out 
which verify the existence of a long range Nielsen-Olesen vortex solution as stable hair for a 
Schwarzschild black hole in four dimensions [^]. Of course one may note that this situation 
falls outside the scope of the classical no-hair theorem due to the nontrivial topology of the 
string configuration. 

Recently some effort has been made to extend these ideas to the case of (anti-)de Sitter 
spacetimes. While a scalar field minimally coupled to gravity in asymptotically de Sitter 
spacetimes cannot provide hair for the black hole it has been shown that in asymptotically 
AdS spacetime there is a hairy black hole solution 0. Also, in Ref. 0, it was shown that 
there exists a solution to the SU (2) Einstein- Yang-Mills equations which describes a stable 
Yang-Mills hairy black hole that is asymptotically AdS. In addition the idea of Nielsen- 
Olesen vortices has been extended to the case of asymptotically (anti)-de Sitter spacetimes 
11^, P]. The investigation of Nielsen-Olesen vortices in the background of charged black 



holes was done in |P-[12]. More recently the stability of the Abelian Higgs field in AdS- 
Schwarzschild and Kerr- AdS backgrounds has been investigated and it has been shown that 
these asymptotically AdS black holes can support an Abelian Higgs field as hair |TB|, P . 



Motivated by these subjects, in this paper we investigate possible solutions of the Abelian- 
Higgs field equations in a four- dimensional charged black string background |T3|, T^|. While 
an analytical solution to these equations appears to be intractable, we confirm by numerical 
calculation that charged black string could support an Abelian Higgs field as its hair. 

In Sec. |l[ we consider the Abelian Higgs field equations in the background of a charged 



black string. Section |ITI| is devoted to the numerical solutions of the field equations for 
different values of charge and mass parameters and winding number. In Sec. by studying 
the behavior of the Abelian Higgs field energy-momentum tensor, we find the effect of the 
vortex self-gravity on the charged black string background. We give some closing remarks 
in the final section. 
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II. ABELIAN HIGGS VORTEX IN THE PRESENCE OF A CHARGED BLACK 

STRING 

In this section we study the Nielsen-Olesen equations for an Abehan Higgs vortex in the 
presence of an electrically charged black string background. The system may be described 
by the action 

I = Ig + Ih. (1) 

The first term of Eq. (|I]) is the gravitational action of four- dimensional asymptotically 
anti-de Sitter spacetimes in the presence of an electromagnetic field given by 

= -T^ / ^'^v^ (7^ - 2A - F.^F^'') + ^ / ^^3^^6(7), (2) 

where A = —3/P is the negative cosmological constant, = d^A^ — d^A^ is the electro- 
magnetic tensor field, and A^ is the vector potential. The second term Ih, is the action of 
an Abelian Higgs system minimally coupled to gravity which can be written as 



Jm Jm ^ lo^ 

(3) 

where $ is a complex scalar field, jF^jy is the field strength associated with the field B^, 
and Vfj^ = + ieBfj_ in which is the covariant derivative. We employ Planck units 
G = h = c = 1 which implies that the Planck mass is equal to unity. Defining the real fields 

X{x^'), uJ{x^'), andPf,{x^) by 

B,{xn = -jP,{xn-VM^n], (4) 

and employing a suitable choice of gauge, one can rewrite the Lagrangian (^) and the 
equations of motion in terms of these fields as 

C{X, P,) = -y (V^X V^X + X'P.Pn - Y^-^M^-^^' - ^V\X' - 1)^ (5) 



V^V'X - XP^Pf" - AirfX{X'^ - 1) = 0, 
V^F^"" - A-ne^rfP^X^ = 0, 



(6) 
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where T^'^ = 'V^P'^ — V^P'^ is the field strength of the corresponding gauge field P^. Note 
that the real field u is not itself a physical quantity. Superficially it appears not to contain 
any physical information. However, if u is not single valued this is no longer the case, and 



the resultant solutions are referred to as vortex solutions [0. In this case the requirement 
that the $ field be single valued implies that the line integral of uj over any closed loop 
is ±27m where n is an integer. In this case the fiux of electromagnetic field passing 
through such a closed loop is quantized with quanta 27r/e. 

On the other hand, the static cylindrically symmetric solution of the gravitational action 
(@) determines the metric of a charged black string given by [|15 



ds' = -Tdt' + ^ + V + lldz\ (7) 

•4. = (8) 

where 

r = ^-- + ^- (9) 

b and A are the constant parameters of the metric which are related to the mass and charge 
per unit length of the black string by [|16 



M = l, Q = ^. (10) 

It is worthwhile to mention that for the case of — oo < 2; < oo Eqs. (0)-® describe a static 
black string with cylindrical horizon. It has two inner and outer horizons located at and 
r_|_, provided the parameter b is greater than bcrit given by 



-'crit 



4 X 3-'/^X'/^. (11) 



In the case that b = bcrit, we will have an extreme black string. 

We seek a cylindrically symmetric solution for the Abelian Higgs action in the back- 
ground of a charged black string. This solution can be interpreted as a skin covering the 
black string (0)-(|^). Considering the static case of winding number N with the gauge choice 

P^(r) = (0;0,iVP(r),0) (12) 

and X = X{r), and rescaling 

X ^ ^ (13) 
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where x = r,l, the equations of motion (j^) are 

rH^VX" + (4r3 - hl'')X' - Afr^X{X^ - 1) - fN^P^{r)X{r) = 0, (14) 
rH^VP" + (2r^ + hlh - 2XH^)P' + afr^X\r)P{r) = 0. (15) 

In the above equations (|T^ and (|15]), a = Ane"^/^ and the prime denotes a derivative with 
respect to r. It must be noted that even in the pure flat or anti-de Sitter spacetimes no 
exact analytic solutions are known for Eq. (|]). For asymptotically AdS spacetimes, one of 
us with Ghezelbash and Mann showed in that the Abelian Higgs equations of motion 
in the background of anti-de Sitter spacetime have vortex solutions with a core radius of 
the order of unity. In the next section, we seek, with a numerical method, the existence of 
vortex solutions for the above coupled nonlinear differential equations. 



III. NUMERICAL SOLUTIONS 



We pay attention now to the numerical solutions of the Eqs. (|T^ and (|1^) outside the 
black hole horizon. First, we must take appropriate boundary conditions. At a large distance 
from the horizon, we demand that our solutions go to the solutions of the vortex equations 
in AdS spacetime given in [0]. This means that we demand X —>■ 1 and P ^ as r goes to 
infinity. On the horizon, we initially take X = and P = 1. We employ a grid of points r^. 




FIG. 1: X{r) (solid) and P(r) (dotted) for Z = 1, 6 = 0.3, q = 0.2, and N = 10. 
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FIG. 2: X{r) for / = 1, 6 = 0.3, q = 0.2, N = 1 (dashed), 10 (dotted), and 50 (solid). 



where rj goes from rn to some large value of r (too) which is much greater than r^j- We use 
the finite difference method and rewrite the nonlinear differential equation (|14D as 

aiXi+i + hiXi_i + CiXi = fi, (16) 

where Xj = X(rj). The coefficients Oj, fi are given by 

-(4r3-6/^), 



ai 
h 

Ci 

fi 



/2 2 1 



(Ar) 



2'- * 



(Ar 



r,;- 



2Ar 
1 

2Ar 



(4rf-6/3), 



(Ar)' 
4/V,2x (X^ - 1) , 



(17) 



where is the value of F at r = r^. Equation (|15]) can be rewritten in the same form as the 
finite difference equation (|16[) by replacing Xj with Pj and using the following form for the 
coefficients: 



2;4n 



/2„3 -1 

(Ar)' 2Ar^ * 



2^3 



1 



(Ar 
0. 



2^ 2Ar 
F 



(2r,^ + 6/V,-2A'/^), 



(Ar 



72 + "^i ; ' 



(18) 
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Now, by using the relaxation method for the above finite difference equations (|Tj 
and ( p!8D on a grid which spans the domain, we calculate the numerical solutions of X{r) 
and P(r) for different values of the metric parameters. In all of our calculations we choose 
the cosmological parameter / = 1.0. Some typical results of these calculations are displayed 
in Figs. 

Figures |I| shows the behavior of X{r) and P(r) for A = 0.2 and b = 0.3. The behavior of 
X{r) for different winding numbers = 1, 10, and 50 is displayed in Fig. ^. As one can 
see from these figures, as for the asymptotically fiat, dS, and AdS spacetimes considered in 
Refs. and [0-[|l4|, increasing the winding number yields a greater vortex thickness. The 
black string horizon is located at rn = 0.6173 for Figs. |l| and |^. In Fig. |^, X{r) is plotted 
for A = 0.2, 0.4, and 0.5, while keeping the horizon radius constant at th = 0.6173. As 
we see X{r) is the same for these three cases and therefore the vortex thickness does not 
depend on the charge per unit length. We have also calculated the vortex solutions for the 
extremal black string with cosmological parameter / = 1.0, and mass and charge per unit 
length b = 0.157 and A = 0.2. In this case the horizon radius is located at th = 0.3398. We 
find that the behavior of the vortex fields is the same as in the nonextremal cases, but the 
thickness of the vortex is smaller than the nonextremal case (see Figs. ^ and ^). 




FIG. 3: X{r) for N = 1, I = 1, = 0.6173, q = 0.2, 0.4, and 0.5 (three curves overlap each other). 
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FIG. 4: X{r) for the extreme black string N = 1 (solid), 10 (dotted), and 50 (dashed). 
IV. VORTEX SELF-GRAVITY ON THE CHARGED BLACK STRING 

We now consider the effect of tlie Higgs field on the charged black string. This entails find- 
ing the solutions of the coupled Einstein- Abehan Higgs differential equations in the charged 
black string background. This is a formidable problem even for fiat or AdS4 spacetimes, and 
no exact solutions have been found for these spacetimes yet. However, some physical results 
can be obtained by making some approximations. First, wc assume that the thickness of 
the skin covering the black string is much smaller that all the other relevant length scales. 
Second, we assume that the gravitational effects of the Higgs field are weak enough so that 
the linearized Einstein-Abelian Higgs differential equations are applicable. 

For convenience, in this section we use the following form of the metric for the charged 
black string in the presence of the Higgs field. 



In the absence of the Higgs field, we should have Ao(r) = F, BQ{r) — F~^, CQ{r) — r^, 
Do{r) — r'^/l'^, yielding the metric of the static charged black string in four dimensions. 

Employing the two assumptions concerning the thickness of the vortex and its weak 
gravitational field, we solve numerically the Einstein field equations 



ds' = -A{rfde + B{rfdr'' + C(r) V + D{r)dz\ 



(19) 



(20) 



9 



to the first order in e = SirG, where 7^^, is the energy-momentum tensor of the Abelian 
Higgs field in the charged black string background. To the first order of approximation, by 
taking (7^1, ~ g^J + gju! , where gj^J is the usual charged black string metric and gj^J is the 
first order correction to the metric, and writing 

Air) = Ao{r)[l + sAir)], 

B{r) = Boir)[l + EB{r)], 

Cir) = Co(r)[l + £C(r)], 

D{r) = Do{r)[l + eD{r)], (21) 

we obtain the corrections to the four functions Ao{r,9), Bo{r,9), Co{r) and Do{r,9) in Eq. 
(pT|). Hence in the first approximation Eq. (pO]) become 



_ = (22) 

where 7^^°^ is the energy-momentum tensor of the Higgs field in the charged black string 
background metric, and is the correction to the Einstein tensor due to g^^} . 

The rescaled components of the energy momentum tensor of the Higgs field in the back- 
ground of a charged black string are given by 



^ t 


= r/(°) = 


- --TX'' 
2 


2 

- -^TP'" - 


— P^X^ 
2r2 


- (X^ - 1)2 


1 r 


= -TX'' 

2 


+ (1 


- 2n)TP'' - 


2r2 


- - If: 




= -TX'' 
2 


+ (1 


- 27r)rP'' + 


2r2 


- iX' - 



(23) 



where X and P are the solutions of the Higgs field. The Einstein equations (|2^ ) are 
I^^C" + D") --B' -- (t + - -] (C' + D')-^A-^B = r'^'^ 



^(-H-.,-i(r-r!.3^).-i(^-|i),.^-..,.^.-i..rt. 

> - ^ F -I) - - - S ) - - 1- 

In Fig. ^ the behavior of the energy-momentum tensor components is shown. As is clear 
from this figure, the components of the energy- momentum tensor rapidly go to zero outside 
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FIG. 5: T/^°^ (solid) , T^^"^ (dotted), and T^^^°^ (dashed) for / = 1, 6 = 0.3, q = 0.2, and N = 1. 

the skin, so the situation is hke what happened in the pure AdS spacetime 0. Then solving 
the coupled differential equations ( p4|) gives the behavior of the functions A{r), B{r), C(r), 
and D{r) which are displayed in Fig. |^. As one can see A{r) = B{r) = 0, and C{r) and 
D{r) are two different constants. Hence by a redefinition of the z coordinate in Eq. (|19D 

2.5 I 1 1 1 1 1 1 1 1 1 1 



1.5 - 



qI 1 1 1 1 1 1 1 1 1 1 

2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4 

FIG. 6: A{r) and B(r) touch the horizontal axis, C(r) (dashed), and D{r) (solid). 
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the metric can be written as 



2 



ds^ = -Tdf + ^dr^ + l3hH^^ + -dz\ (25) 

The above metric describes a static charged black string metric with a deficit angle. So, 
using a physical Lagrangian based model, we have established that the presence of the Higgs 
field induces a deficit angle in the charged black string metric. 



V. CONCLUSION 

We considered the Abelian Higgs field in the background of a static charged black string. 
The numerical solutions for various values of mass and charge parameters and winding 
number were obtained. We found that for a fixed horizon radius on increasing the winding 
number the vortex thickness increases. We also showed that the thickness of the vortex is 
independent of the charge or mass parameter, as long as the horizon radius and winding 
number remain fixed. We also considered the extremal black string for various winding 
numbers and found by numerical calculation that the thickness of the vortex is smaller than 
that of the non-extremal case. These solutions can be interpreted as stable Abelian hair for 
these black strings. 

Also, the effect of a thin vortex on the charged black string has been investigated. This is 
done by including the self-gravity of the thin vortex in the charged string background to the 
first order of the gravitational constant. As in the case of pure AdS [0, Schwarzschild-AdS 
13| , Kerr- AdS, and Reissner-Nordstrom-AdS ||14| spacetimes, we showed that the effect of 



a thin vortex on the static charged black string is to create a deficit angle in the metric. 

Other related problems such as a study of the vortex in the charged rotating black string 
background and the non-Abelian vortex solution in asymptotically AdS spacetimes, remain 
to be carried out. Work on these problems is in progress. 
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